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Abstract
In this paper, we propose an joint optimization of precoder and decoder for downlink transmissions in multiuser multiple-input,
multiple-output (MU-MIMO) systems with perfect channel state information (CSI). This paper focuses on the scenario when an
improper constellation such as binary phase shift-keying (BPSK) or M-ary amplitude shift-keying (M-ASK) is employed. The
proposed joint design aims to minimize all the users total mean-squared-error (TMSE) under the constraint of total transmit power.
Simulation results show that the proposed joint linear precoder and decoder designs improves BER performance of MU-MIMO
downlink systems and verify its effectiveness.
c⃝ 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Department of Computer Science &
Engineering, National Institute of Technology Rourkela.
Keywords: Multiple-input multiple-output (MIMO); Total mean square error (TMSE); Channel state information (CSI); Linear precoding; Diver-
sity; Improper modulations.
1. Introduction
A MIMO system consists of several antenna elements, plus adaptive signal processing, at both transmitter and
receiver, and the MIMO systems have bring considerable attentions recently due to their huge amount of improvement
in capacity without additional spectrum and transmit power [1][2]. The Multiuser MIMO (MU-MIMO) technique
could improve the system performance significantly than traditional single-user MIMO (SU-MIMO) by utilizing
the spatial division multiple access (SDMA) technique [3][4]. In the downlink of MU-MIMO systems, the multiple
users can be served by using multiple antennas at the base station (BS). Various performance measurements have been
considered to obtain a joint transceiver structure for MU-MIMO systems with both uplink and downlink configuration,
such as minimum mean-square error (MMSE) from all the data streams, maximum sum capacity and minimum bit
error rate (BER) [5][6].
Joint design of precoding and decoding vectors for each transmitting data stream is proposed in [7][8]. This design
can provide greater performance, but there is no closed-form solution for precoding and decoding vectors. Since, the
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iterative algorithms are always required to calculate the numerical solutions. Joint Transceiver design for downlink
MU-MIMO systems with perfect and imperfect CSI is investigated in [9], and it aims to minimize the sum mean-
squared-error (MSE) of all user under the constraint of total transmit power. The optimum solution for precoding
and decoding vectors are obtained by using iterative algorithm. Joint linear transceiver design for uplink MU-MIMO
system with minimum total mean-square error (TMSE) problem has been proposed in [10][11]. Two different types
of methods based on iterative algorithms are used [10], to solve this problem. One is based on the associated Karush-
Kuhn-Tucker conditions, the other is to solve an equivalent problem, approaching the solution by solving a sequence
of semi-definite programming problems. The uplink-downlink duality in sum MSE under imperfect CSI is displayed
in [12].
A novel linear transmit precoding MIMO systems employing improper signal constellations are proposed in [13].
And their performance are improved by designing the system with modified cost functions and by exploitation of
the improperness of signal constellation. And it achieves a superior performance than the conventional linear and
non-linear precoders by utilizing improperness of the signal constellation. And also it investigate the design of ro-
bust precoders in the presence of a perfect and imperfect CSI. In case of downlink MU-MIMO system, proposed a
precoder based on nullspace of channel transmission matrix is employed to decouple multiuser channels [13]. The
conventional MU-MIMO transceiver design for both uplink and downlink under the minimum TMSE criterion ex-
hibits good BER performance for proper modulation schemes, e.g., M-QAM, and M-PSK [9][10][12] than improper
modulation schemes, e.g., BPSK and M-ASK. The improved minimum TMSE design for improper signal constella-
tions was proposed in [13] and shown to give superior BER performance than the conventional design in [9][10][12].
Recently [14] proposed TMSE based optimum joint linear transceiver design for the SU-MIMO systems which
employs improper modulation techniques. In this paper, we propose joint linear precoding and decoding design
for downlink MU-MIMO systems employing improper constellations. An improved minimum TMSE transceiver is
designed for the case of perfect CSI and used to develop an iterative design procedure for the optimum precoding and
decoding matrices.
The rest of the paper is organized as follows. The proposed joint linear design of precoder and decoder in downlink
MU-MIMO systems is presented in Section 2. The superiority of the proposed joint linear precoder and decoder
designs over the conventional designs is verified with simulation results in Section 3. Finally conclusions are given in
Section 4.
Notations: Throughout this paper, upper (lower) case boldface letters are for matrices (vectors), (⋅)T denotes
matrix transpose, (⋅)H stands for matrix conjugate transpose, (⋅)∗ means matrix conjugate, E(⋅) is expectation, ∥ ⋅ ∥ is
Euclidian norm, Tr(⋅) is the trace operation and IN is an N×N identity matrix.
2. joint linear precoder and decoder design in downlink MU-MIMO systems
It Consider the downlink of a MU-MIMO system with NT transmit antennas at the base station, and K users,
each with NR, j receive antennas, where j = 1, . . . ,K. Suppose the user j has B j data streams which is denoted by
B j × 1(B j ≤ min(NT,NR)) and the total number of substreams are B = ∑Kj=1 B j. Linear precoder of the user j at BS
is denoted as F j, j = 1, . . . ,K with matrix size NT ×B j. Data vectors are assumed to have the same statistics, output
form jth precoders are represented as
x j = F js j (1)
Hi, i = 1, . . . ,K denotes the downlink channel matrix of user i. The data symbols are assumed to be uncorrelated and
have zero mean and unit energy, i.e., E[s jsHj ] = IB, j . The signal after the precoders are satisfies the following total
transmit power constraint:
E[∥x∥2] =
K
∑
j=1
E[∥F js j∥2] =
K
∑
j=1
Tr(F jFHj ) = PT. (2)
we consider the transceiver design for the downlink MU-MIMO systems using an improper modulations (for which
E[s jsTj ] ∕= 0) such as BPSK and 4-ASK. Precoded signals are transmitted across a slowly-varying flat Rayleigh fading
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Fig. 1. Transmitter and Receiver design for downlink MU-MIMO systems
channels. The signal received at the receive antennas of user i is given by [9][12].
yi =Hi
[ K
∑
j=1
F js j
]
+ni (3)
The received vector is fed to the decoder Gi, i = 1, . . . ,K which is a Bi ×NR,i matrix. Then the resultant vector from
output of decoder is:
ri =GiHi
[ K
∑
j=1
F js j
]
+Gini (4)
where the NT,i×1 vector ni represents spatially and temporally additive white Gaussian noise (AWGN) of zero mean
and variance σ2n . The conventional downlink transceiver problem is formulated as minimizing the TMSE under the
total transmit power constraint specified by (2):
εi = E[∥ri− si∥2] (5)
= E
[∥∥∥∥GiHi
[ K
∑
j=1
F js j
]
+Gini− si
∥∥∥∥
2]
(6)
This design criterion is optimum for the systems with proper modulations E[s jsTj ] = 0 such as M-QAM and M-PSK.
However, for the improper modulation schemes (BPSK and M-ASK) considered in this paper, same conventional
optimization approach fails to provide a optimum performance due the a complex-values filter output. The decision
in a system employing improper constellation is based on only real part of the output. The same strategy in [14] is
extended to the case of downlink MU-MIMO systems. We proposed a new joint linear precoder and decoder design in
downlink MU-MIMO systems based on minimizing the TMSE under total transmit power constraint. And the newly
defined error vector is,
e= rˆi− si (7)
where rˆi = ℜ
(
GiHi
[
∑Kj=1F js j
]
+Gini
)
. With the newly defined error vector, the TMSE can be computed as
follows:
E[∥e∥2] = E[∥rˆi− si∥2] (8)
= E
[∥∥∥∥ℜ
(
GiHi
[ K
∑
j=1
F js j
]
+Gini
)
− si
∥∥∥∥
2]
(9)
= Tr
{
E
{[
α +0.5
(
Gini +G∗i n
∗
i
)
− si
][
β + 0.5
(
nHi G
H
i +n
T
i G
T
i
)
− sHi
]}}
(10)
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where α = 0.5
(
GiHi
[
∑Kj=1F js j
]
+G∗iH∗i
[
∑Kj=1F∗js∗j
])
and β = 0.5
([
∑Kj=1 sHj FHj
]
HHi G
H
i +
[
∑Kj=1 sTj FTj
]
GTi
)
.
From the assumptions on the statistics of the channel, noise and data, one has E[sisHi ] = E[sis
T
i ] = IBi , E[nin
H
i ] =
σ2n,iINT and E[ni] = E[nin
T
i ] = E[n
∗
i n
H
i ] = 0. Using these facts and after some manipulations (10) can be simplified to
E[∥e∥2] = Tr
{
0.25
(
γ + δ +λ + ζ
)
−0.5
(
GiHiFi +G∗iH
∗
i F
∗
i +F
H
i H
H
i G
H
i +F
T
i H
T
i G
T
i
)
+IBi +0.25σ
2
n
(
GiGHi +G
∗
iG
T
i
)}
(11)
where γ =GiHi
[
∑Kj=1F jFHj
]
HHi G
H
i ,δ =GiHi
[
∑Kj=1F jFTj
]
HTi G
T
i , λ =G∗iH∗i
[
∑Kj=1F∗jFHj
]
HHi G
H
i ,
and ζ =G∗iH∗i
[
∑Kj=1F∗i FTi
]
HTi G
T
i .
The main objective of downlink MU-MIMO systems design is to find a pair Fi andGi to minimize E[∥e∥2] subject
to the total BS transmit power constraint. That is, the improved TMSE design for downlink MU-MIMO systems
employing improper modulations is expressed as
min
{(F j ,G j)}Kj=1
E[∥e∥2] s.t.
K
∑
j=1
Tr
(
F jFHj
)≤ PT. (12)
Here we form the Lagrangian to find the solution for the problem in (12)
η = E[∥e∥2]+ μ
([ K
∑
j=1
Tr
(
F jFHj
)]
−PT
)
(13)
where μ is the Lagrange multiplier. By substituting (11) into (13) and then taking the derivatives of η with respect to
Fi and Gi, the associated Karush-Kuhn-Tucker (KKT) conditions can be obtained and given in the following.
First, the value of ∂η∂Gz can be found by using the cyclic property of the trace function. Setting
∂η
∂Gz = 0, 1 ≤ z ≤ k
and taking the complex conjugates of both sides and it yields
Ω+Ψ+σ2nGz = 2FHz HHz (14)
where Ω =GzHz
[
∑Kj=1F jFHj
]
HHz , and Ψ =G∗zH∗z
[
∑Kj=1F∗jFHj
]
HHz .
Similarly, setting ∂η∂Fz = 0 and taking the complex conjugates of both sides and it yields
Θ+Λ+2μFz = 2HHz GHz (15)
where Θ =
[
∑Kj=1HHj GHj G jH j
]
Fz, and Λ =
[
∑Kj=1HHj GHj G∗jH∗j
]
F∗z .
Next, by post-multiplying both sides of (14) by GHz and taking ∑Kz=1 on both sides, one obtains
K
∑
z=1
{
ΩGHz +ΨGHz +σ2nGzGHz
}
= 2
[ K
∑
z=1
FHz H
H
z G
H
z
]
(16)
Likewise, pre-multiplying both sides of (15) by FHz and taking ∑Kz=1 on both sides, produces
K
∑
z=1
{
FHz Θ+FHz Λ+FHz 2μFz
}
= 2
[ K
∑
z=1
FHz H
H
z G
H
z
]
(17)
It then follows from (16) and (17) that:
K
∑
z=1
{
ΩGHz +ΨGHz +σ2nGzGHz
}
=
K
∑
z=1
{
FHz Θ+FHz Λ+FHz 2μFz
}
(18)
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Then, by taking the traces of both sides of (18) one has:
μ = σ
2
n
2PT
[ K
∑
z=1
Tr
(
GzGHz
)]
(19)
As in [13], an iterative procedure is developed for to find a optimum solution for Fz and Gz, by using (14), (15) and
(19). First, define
Gz = Gz,Re + jGz,Im (20)
Hz
[ K
∑
j=1
F jFHj
]
HHz = Az,Re + jAz,Im (21)
H∗z
[ K
∑
j=1
F∗jF
H
j
]
HHz = Bz,Re + jBz,Im (22)
2FHz H
H
z = Cz,Re +Cz,Im (23)
Then Cz,Re and Cz,Im can be expressed using (14), in a vector form as
[
Cz,Re Cz,Im
]
=Gz,Re Gz,Im
][ Az,Re +Bz,Re +D Az,Im +Bz,Im
Bz,Im −Az,Im Az,Re +Bz,Re−D
]
(24)
where D = σ2n INR,z . The above expression also implies that
[
Gz,Re Gz,Im
]
=C C
[
Az,Re +Bz,Re +D Az,Im +Bz,Im
Bz,Im −Az,Im Az,Re +Bz,Re−D
]−1
(25)
Similarly, define
Fz = Fz,Re + jFz,Im (26)[ K
∑
j=1
HHj G
H
j G jH j
]
= Pz,Re + jPz,Im (27)
[ K
∑
j=1
HHj G
H
j G
∗
jH
∗
j
]
= Qz,Re + jQz,Im (28)
2HHz G
H
z = Rz,Re +Rz,Im (29)
Then Rz,Re and Rz,Im can be expressed using (15), in a vector form as[
Rz,Re
Rz,Im
]
=
[
Pz,Re +Qz,Re +E Qz,Im−Pz,Im
Pz,Im +Qz,Im Pz,ReQz,Re−E
][
Fz,Re
Fz,Im
]
(30)
where E = 2μINT . Equivalently,[
Fz,Re
Fz,Im
]
=
[
Pz,Re +Qz,Re +E Qz,Im−Pz,Im
Pz,Im +Qz,Im Pz,ReQz,Re−E
]−1 [ Rz,Re
Rz,Im
]
(31)
Based on the above expressions, the optimum precoder and decoder can be solved by an iteration procedure as illus-
trated in Fig. 2, where Fiz denotes Fz in the ith iteration and Fz, z = 1 . . .K. and Fz is chosen such that the Bz ×Bz
upper sub-matrix of Fz is a scaled identity matrix (which satisfies the power constraint with equality), while all the
other remaining entries of Fz are zero,
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Fig. 2. Iterative procedure for solving the optimum precoder and decoder.
3. NUMERICAL RESULTS
In this section, we present simulation results to validate and investigate our proposed precoding and decoding
designs in MU-MIMO downlink with perfect CSI, in terms of bit error rate (BER) as developed in Section 2. For all
results, we assume that the numbers of transmit antenna at BS is NT = 6 , the number of receive antenna at each user
is NR,1 = NR,2 = NR,3 = 2, the number of data streams are B = 2, and the channel between base station and each user
is a rayleigh fading channel. In both figures, the signal-to-noise ratio is defined as SNR = PT
σ2n
and the BER cures of
user 1 are displayed. The proposed joint linear transceiver design in MU-MIMO systems for downlink with perfect
CSI is compared with the previously-designed joint linear transceiver strategy in [9], but without taking into account
specific property of improper modulations.
In Fig. 3, system BER versus SNR is plotted when the numbers of data stream is B= 2. It displays the performance
comparisons of the conventional joint transceiver design for downlink MU-MIMO systems in [9] and the proposed
joint transceiver design in downlink MU-MIMO systems under perfect CSI for both BPSK and 4-ASK. As shown
in Fig. 3, the proposed joint linear precoding and decoding designs leads to a very large performance improvement,
especially for BPSK modulation (an SNR improvement of about 15 dB is observed for BER of 10−3). It should be
emphasized that the proposed designs under comparison take into account the one-dimensional property of improper
modulations. It is clear from the figure that a significant performance improvement is achieved by performing pro-
posed joint precoding and decoding. With the assumption of perfect CSI, it can be seen that the BER performance
curves improve exponentially with SNR.
The purpose of Fig. 4 is to examines the effect of diversity on the downlink MU-MIMO system BER performance
under perfect CSI and BPSK modulation.The proposed joint prcoding and decoding design is enjoys further gain, if
the number of data streams is reduced from B = 2 to B = 1.
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4. CONCLUSIONS
In this paper, an improved joint linear transceivers design with improper constellations for MU-MIMO downlink
systems with perfect CSI is proposed. The joint linear precoder and decoder designs are formulated into an opti-
mization problem. The optimum closed-form precoder and decoder are derived by solving that optimization problem
with an iterative procedure. Simulation results indicate that our proposed design considerably outperform the tradi-
tional cases. The proposed algorithm can also be extended into the case of uplink MU-MIMO system and also with
imperfect CSI.
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